The paper examines the problem of the in-plane loading of a rigid disk inclusion which is embedded in bonded contact with an isotropic elastic half-space region. The governing coupled integral equations, derived via a Hankel transform technique, are evaluated numerically to generate results for the in-plane stiffness of the rigid disk inclusion and the rotation which accompanies the lateral translation.
bimaterial regions, inclusion flexibility, and the interaction of inclusions with cracks. References to these and other studies related to disk inclusion problems are given by Mura (1981 Mura ( , 1988 and Selvadurai (1989 Selvadurai ( , 1992 . In a majority of problems dealing with disk inclusions, it is explicitly assumed that the inclusion is contained within a medium of infinite extent. In a generalized treatment of the inclusion problem it is desirable to include the influences of external boundaries. Lawrence (1969) has examined the elastostatic problem of a rigid spherical inclusion which is embedded in an elastic plate. Hunter and Gamblen (1974) have examined the axisymmetric elastostatic problem related to the axial loading of a rigid disk which is embedded in partial bonded contact with an incompressible elastic half-space region. Rajapakse (1988) has examined the problem of the axial loading of a flexible anchor plate embedded in a transversely isotropic elastic half-space by employing a discretization procedure. Wang and Rajapakse (1990) have utilized a discretization procedure to examine a class of inclusion problems related to a transversely isotropic elastic halfspace region. References to further work may be found in the works of Mura (1981 Mura ( , 1988 .
In this paper we examine the asymmetric elastostatic problem related to the in-plane loading of a rigid disk inclusion which is embedded in bonded contact with an isotropic elastic halfspace region. The disk inclusion is embedded at a finite distance from the free surface of the half-space and oriented parallel to the free surface (Fig. 1) . The analysis of the problem makes use of a Hankel transform development of the governing equations. The traction-free boundary conditions at the free surface and the continuity and boundary conditions at the plane of the inclusion yield a system of three coupled integral equations. These integral equations are solved by a quadrature scheme to generate results of engineering interest. Complete numerical results presented in the paper illustrate the manner in which the in-plane stiffness of the disk inclusion and the rotation induced by the lateral force is influenced by the depth of embedment of the inclusion and Poisson's ratio of the elastic medium.
Governing Equations
The asymmetric elastostatic boundary value problem can be analyzed by employing the stress function techniques developed by Muki (1960) . The stress functions are governed by the differential equations where
is Laplace's operator referred to the cylindrical polar coordinate system (r, 6, z) . The stresses and displacements in the elastic medium can be uniquely expressed in terms of these stress functions (see, e.g., Muki, 1960; Gurtin, 1972) . The expressions for the displacement and stress components in terms of $ (r, 6, z) and ^(r, 6, z) take the forms and the corresponding displacement and stress components take the forms , n cosflff 00 2GK<V, e, 
rt>(r,6,z)=-
where A(£), B(£), and C(£) are arbitrary functions. For the region 2 (-h<z<0),
where G and c are the linear elastic modulus and Poisson's ratio, respectively. It may be noted that for axial symmetry $ = <I>(r, z) and ^ = 0, and the results (1)-(10) reduce to those given by Love (1944) . Considering a Hankel transform development of the governing equations (la) and (lb), we can obtain solutions which are applicable to the regions 0 < z < °° (region 1) and -A < z < 0 (region 2). For the region 1 (0<z<oo) we have
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and the corresponding displacement and stress components take the forms 2G*4 2) = cos0j-J mi; (A l 
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We consider the problem of a rigid penny-shaped inclusion , ,., , ,.
. y i , u\\ , *n ir\ • un , u\ which is embedded in an isotropic elastic half-space and sub-
/» s ivs/ sv jected to an in-plane lateral force 7\ The boundary and con-
tinuity conditions associated with the problem are as follows:
In the inclusion region we have
At the interface between regions (1) and (2) 
In equations (27a)-(27/) A represents the rigid body translation " a.
of the disk inclusion due to the in-plane force Tand Q represents
the rigid body rotation of the inclusion about the^-axis.
From the boundary conditions {21m), (27«), and (27o) we 
Considering the continuity conditions (27a) to (270 it can sinh£(z + /i) f°° -> be shown that (28), (29), and (33) it is evident that
where
Using the results (31)- (43) it is possible to express the integral expressions for ilf 1 , uf\ uf\ 0^, af z and ff ( r
2) in terms of only the functions A(%), B(£), and C(\).
On the plane z = 0, the reduced form of these equations are given by 
+ &i\+ ^ (W\ -7i«4> coth (ih)
The representat i 0ns ( 63) i.e., g4 = -,. , .
J° T
(l+ e2fA ) The coupled system of integral equations defined by (66) to (68) By setting M= 0, we can obtain a relationship between the induced rigid rotation Q and the rigid translation of the disk inclusion A.
By introducing the substitutions

Ntt)=H 2 [HgoA(lt)+g l B(!i)]
M(£)=£ 2 [£g 2 A(£)+g 3J B(£)-g4C(£)],(54)
Numerical Solution of the Integral Equations
Considering the structure of the kernel functions Kj (i=l,2,-• -9) given by (69) to (77), it becomes evident that the coupled integral equations (66), (67), and (68) governing <PiU)> <PiU)> and \j/{t) are not amenable to exact solution. Consequently it is necessary to adopt a numerical technique to generate the relevant results. A variety of techniques have been proposed for the numerical solution of integral equations (see, e.g., Baker, 1978; Delves and Mohammed, 1985) . In this paper we present a quadrature scheme for the solution of the coupled system of integral equations.
From (66) to (68) we have where
xJ-Ji({8);w({«)d{ (89) (gi+fe)/ /2e
For the numerical solution of the problem, the interval [0, a] is divided into R segments with ends defined by u,= (i-\)a/ R\ i= 1,2,3, •••(/? +1), and the collocation points are tj= (Uj + u i+ 1)/2; /= 1,2, •R. Therefore, a matrix equation of order (3i?+ 1) can be obtained with 37? equations derived from (83) and a single equation derived from (84). This matrix equation can be written in the form
where i,j= 1,2,-• -(3i? + l). Certain coefficients of A,, are defined by the kernel functions K t (u, t) and other zero coefficients are as follows:
where the kernel functions are defined by (69) to (77). Considering the moment free condition on the inclusion we have
The result (84) is used as a constraint condition on the so-^4 
_8GA (98) Upon solution of the matrix equation (93), the load on the inclusion can be obtained from the discretized version of the integral (80). We obtain
The rotation of the rigid inclusion is given by
(100)
Numerical Results
Prior to the presentation of numerical results, it is instructive to record results for certain limiting cases which pertain to inclusions located either within an infinite space region or at the surface of a half-space region.
As the depth of embedment of the inclusion becomes large in comparison with the radius of the inclusion (i.e., h/a-~<x>), the problem reduces to that of the in-plane loading of a rigid disk inclusion which is embedded in an isotropic elastic infinite space. The closed-form analytical solution to this problem was obtained, among others, by Keer (1965) , Kassir and Sih (1968) , and Selvadurai (1980) . The load-displacement relationship for the inclusion takes the form
By virtue of the symmetry of the problem about the plane z = 0, the rigid rotation of the inclusion embedded in an infinite space is identically equal to zero.
When the depth of embedment h-0, the problem reduces to that of the in-plane loading of a rigid punch which is bonded to the surface of a half-space region. The solution to this problem was developed by Ufliand (1956) and Gladwell (1969 Gladwell ( , 1980 . The Hilbert-problem approach adopted in these investigations takes into consideration the oscillatory nature of the stress singularity at the boundary of the rigid punch. In this case, the closed-form expression for the load-displacement relationship is given by T=-
2TT ira The corresponding rigid rotation is given by 5=-3u7 "
It may be noted that integral equation technique adopted in the paper does not take into account the influences such oscillatory singularities which can develop as (H/a) -Q. It has, however, been shown (Selvadurai, 1989 ) that such oscillatory stress singularities have virtually no influence on the accuracy with which the translational and rotational stiffnesses are computed for a punch bonded to a half-space region. Results developed for the axial loading of an inclusion bonded to a crack (Selvadurai, 1989) indicate that in the extreme case when v = 0, the discrepancy between the Hankel transform-based integral equation approach and the Hilbert problem approach does not exceed 0.5 percent. This is within the computational efficiency of the numerical procedure adopted in the solution of the system ofcoupled integral equations, which is presented in the previous section. Figure 2 illustrates the influence of the depth of embedment of the disk inclusion on the in-plane load-displacement relationship. It is evident that the depth of embedment has a significant influence on the behavior of the in-plane stiffness of the inclusion. The results for the exact closed-form solution for the case (h/a) =0, derived from (102), are also shown in Fig. 2 for purposes of comparison. It is evident that the numerical procedure provides a very accurate result for the inplane load-displacement response of the rigid punch bonded to a half-space region. Figure 3 illustrates the influence of the depth of embedment on the rigid rotation experienced by the disk inclusion as a result of the in-plane loading. Again, the numerical results for the rotation induced on the laterally loaded punch bonded to a half-space region agree very closely with the exact result given in (104). It is also evident that for the special case when v = 1/2, the in-plane loading of the inclusion embedded in a half-space region does not induce a corresponding rotation.
Conclusions
An integral equation technique is used to evaluate the loaddisplacement behavior of a rigid disk inclusion which is embedded in bonded contact with an isotropic elastic half-space region. The mixed boundary value problem associated with the in-plane loading of the rigid inclusion generates a system of three coupled integral equations which are solved numerically by employing a quadrature scheme. The numerical results presented in the paper for the in-plane load-lateral displacement of the inclusion indicate that the influence of the tractionfree boundary becomes insignificant as the depth of embedment to inclusion radius ratio exceeds 4. Similar conclusions apply for the results for the rigid rotation of the disk inclusion which is induced as a result of the in-plane loading. As the depth of embedment h~0, the problem reduces to that of the in-plane loading of a rigid punch which is bonded to the surface of a half-space region. In existing analytical treatments of this problem, the effects of oscillatory stress singularities at the boundary of the rigid punch are incorporated. The integral equation approach, however, does not allow for such provi-368/Vol. 58, JUNE 1991
Transactions of the ASME sions. The numerical results derived from the present investigation suggests that such oscillatory phenomena do not influence, to any significant extent, the results for the in-plane displacement and rotation associated with the in-plane loading of the punch.
